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Response of Composite Shells with Cutouts
to Internal Pressure and Compression Loads
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Results from a numerical study of the response of compositeshells with cutouts and subjected to internal pressure
and axial compression are presented. The numerical results are obtained using a geometrically nonlinear � nite
element code. Results for axial compression and combined internal pressure and axial compression are presented.
The effects of varying internal pressure and cutout size on the prebuckling,buckling,and postbucklingresponses of
the shell are described. Results indicate that the nonlinear interaction between destabilizing in-plane compressive
resultant stresses and out-of-plane displacements near the cutout can cause a local buckling response to occur
near the cutout. The local load distributions and displacements near the cutout can be affected by the size of the
cutout and by the internal pressure load. Numerical results indicate that the buckling load decreases as the size of
the cutout is increased. In addition, the results indicate that the buckling load increases as the internal pressure is
increased.

Introduction

M ANY modern aerospace shell structures are designed to sup-
port combinationsof internal pressure and mechanical loads

during their service life. With the increasingneed to producelighter-
weight aerospace structures, the use of advanced composite mate-
rials has become more common in the design of these structures.
During operation,� ight loads and internalcabinpressureare present
in all commercial transport aircraft. Some of these loads may be
compressive loads, and thus it is necessary to investigate the buck-
ling characteristicsof these structures. In addition, designers often
need to incorporate cutouts or openings in a structure to serve as
doors, windows, or access ports. It has been shown by several au-
thors that a cutout in a shell structure subjected to axial compression
can cause a signi� cant reduction in the buckling load of the shell,
e.g., Refs. 1–4. The local responsenear the cutout in a compression-
loaded shell is strongly in� uenced by the local displacementgradi-
ents near the cutout and the internal load distribution. These local
displacements and the internal load distribution can be affected by
the size of the cutout. In addition, recent studies of the response of
cylindrical shells with longitudinalcracks and subjected to internal
pressure and axial compression loads, e.g., Ref. 5, indicate that the
interaction between the internal pressure load and the axial com-
pression load can have a signi� cant effect on the local response of
the structure.

The resultsof a numericalstudyof the responseof quasi-isotropic
cylindricalshellswith a cutoutandsubjectedto internalpressureand
axial compression are presented. First, a set of dimensionless pa-
rameters governingthe buckling of composite shells with cutouts is
derived from the classical equations for the buckling of anisotropic
thin elastic shells.The dimensionlessparametersare used to charac-
terize the results of a parametric study that is presented in this paper.
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These parameters help provide insight into the effects of chang-
ing geometric and laminate parameters on the buckling response of
shells. The results of a parametric study using the structural anal-
ysis of general shells (STAGS) � nite element code6 are presented
for three cutout sizes and � ve internal pressure levels to indicate the
effects of cutout size and internal pressure loadson the compression
responseof quasi-isotropiccylindricalshells with a cutout.The pre-
dicted results are characterizedby load-shorteningresponse curves
and contour plots of shell displacements and stress resultants. Fi-
nally, design curves based on classical parameters for the buckling
of shells with cutouts and subjected to internal pressure and axial
compression are presented.

Classical Buckling Parameters
Nondimensionalparametersgoverningthebucklingof shellswith

cutouts were derived by Hilburger4 and are summarized herein.
The governing equations for the buckling of anisotropic thin elas-
tic shells were derived from the Donnell–Mustari–Vlasov nonlinear
equations in terms of curvilinear coordinates using the method of
adjacent equilibrium. A nondimensionalization procedure was ap-
plied to the governingequations,producinga set of nondimensional
parameters in terms of shell and cutout geometric parameters and
laminate stiffnesses. The nondimensionalization procedure intro-
duced the geometric parameters of the cutout into the equations
with the following set of nondimensional coordinates:

X D x=a; 2 D Rµ=b .1/

In the case of a circular cylindricalshell, x and µ represent the axial
and circumferential coordinates, respectively, and a and b are the
characteristic axial and circumferential dimensions of the cutout,
respectively (see Fig. 1). After some algebraic manipulation, the
nondimensional transverse equilibrium equation and the compati-
bility equation take the following forms, respectively:
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Fig. 1 Typical shell model.
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where 8 is a stress resultant function and W is a nondimensional
buckling displacement. The remaining parameters in Eq. (2) are
nondimensional bending parameters and buckling coef� cients de-
� ned by
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where D11; D12; D22; D16; D26, and D66 are the shell bending stiff-
nesses found in classical laminated shell theory. The terms N 0

x ; N 0
µ ,

and N 0
x µ are the prebuckling in-plane stress resultants. The remain-

ing parameters in Eq. (3) are nondimensionalmembrane parameters
and a cutout or curvature parameter C in terms of shell membrane
stiffnesses A11; A12; A22; D16; D26 , and A66. In the special case of
balancedsymmetric laminates with A16 and A26 equal to zero, these
parameters are
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Table 1 Lamina material properties

E1, Mpsi E2 , Mpsi G12, Mpsi º12

21.5 1.61 0.93 0.295
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and °m D 0 and ±m D 0.
In the context of this paper, in which shells are subjected to in-

ternal pressure loading Pint, it is useful to introduce the relation
N 0

µ D Pint R. This relation is derived from the membrane solution
for a circular cylindrical shell subjected to internal pressure.

Cylinder Models and Analysis Methods
Cylinder Model

The STAGS � nite element analysis code6 was used to predict the
response of the shells. A typical � nite element model of the shells
analyzedin this study is describedin Fig. 1. A typicalmodelcontains
approximately7800nodeswith six degreesof freedomper node and
6820 quadrilateralshell elements. The shells have a radius of 8.0 in.
and are 16.0 in. long. The shells have an eight-ply [§45=0=90]s

quasi-isotropic wall lamination. The ply thickness is assumed to
be 0.005 in., resulting in a total laminate thickness of 0.04 in. The
lamina properties are summarized in Table 1. A square cutout is lo-
cated at µ D 0 deg, at the shells’ midlength. The cutouts considered
in this study include 0.5 £ 0.5, 1.0£ 1.0, and 1.5 £ 1.5 in. square
cutouts. The axial and circumferentialdimensions of the cutout are
denotedby a and b, respectively,as indicated in Fig. 1. An idealized
version of typical experimental boundary conditions was included
in the model by constraining circumferential and radial degrees
of freedom v and w, respectively, in regions of the shell between
0.0 in. ¸ x ¸ 1:0 in. and 15.0 in. ¸ x ¸ 16:0 in., as illustrated in
Fig. 1. The resulting shell has a total unsupported length of 14.0 in.

The loading conditions studied include axial compression and
combined axial compression and internal pressure. For the axial
compression cases, a compression load was applied to the shell by
a uniform axial displacement. For the combined internal pressure
and axial compression cases, a live pressure load was applied to
the shell � rst, and then an axial compression load was applied to
the pressurized shell. Pressure levels equal to 5.0, 10.0, 20.0, 30.0,
and 50.0 psi were applied to the shell for the combined load cases.
The internal pressure was simulated by applying a uniform lateral
pressure to the shell wall and an axial tension load to the end of the
shell. Multipoint constraintswere applied to the ends of the shell to
enforce uniform displacement.

Nonlinear Analysis Methods
The quasistatic compression response of the shells was deter-

mined using a standard arclength projection method7 in STAGS.
The arclength method is often suf� cient for predicting results be-
yond instability points in the response. However, for cases where
the standard arclength method failed to converge to solutions be-
yond instability points, a nonlinear transient analysis method8 was
used in the analysis. The transient analysis in STAGS includes a
numerical time integration scheme developedby Park9 and propor-
tional structural damping. The material density used in the � nite
element calculations is 0.057 lb/in.3. The transient analysis was ini-
tiated at an unstable equilibrium point just beyond the instability
point by applyingan increment to the end-shorteningdisplacement.
The transient analysis was continued until the kinetic energy in the
system was dissipated to a negligible level by the structural damp-
ing. A load relaxation procedure was then applied to the system to
establisha stable equilibriumstate fromwhich a quasistaticanalysis
could be resumed. A typical � nite element analysis required 11 to
17 h on an engineering CPU workstation.
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a)

b)
Fig. 2 Compression response of a quasi-isotropic shell with a 1.0 ££ 1.0
in. square cutout: a) load-shortening response and b) load time history
of the unstablecollapse response associated with segment E-F in Fig. 2a.

a)

b)

c)

d)

e)

f)

Fig. 3 Selected deformation patterns for a compression-loaded quasi-isotropic shell with a 1.0 ££ 1.0 in. square cutout: a) point A, b) point B, c) point
C, d) point E, e) point E*, and f) point F (refer to Fig. 2 for selected points).

Results and Discussion
Results from a numerical study of the response of quasi-isotropic

laminated shells with a cutout are presented in this section. Two
loading conditions were considered in this study and include axial
compression only and a combination of internal pressure and ax-
ial compression loads. Results have been generated for cutouts at
the shell midlength including 0.5 £ 0.5, 1.0£ 1.0, and 1.5£ 1.5 in.
square cutouts. Results have been generated for internal pressure
loads of 5.0, 10.0, 20.0, 30.0, and 50.0 psi. First, results from a rep-
resentative shell are presented to identify typical response charac-
teristics of a shell with a cutout and subjected to axial compression.
Results illustrating the effects of internal pressure on the compres-
sion response are presented. Finally, design curves are presented
summarizing the effects of internal pressure on the initial buckling
loads of shells with square cutouts.

Axial Compression Loads
Results for a quasi-isotropic [§45=0=90]s shell with a 1.0 £

1.0 in. square cutout are presented to identify typical responsechar-
acteristics of a compression-loaded shell with a square cutout. A
load-shortening response curve is given in Fig. 2a as an overall
guide to the compression response. An extensive postbuckling re-
sponse is indicated by a number of stable and unstable segments
in the load-shortening results. The initial buckling point is labeled
A, and the additional extreme points are labeled B, C, D, etc. The
postbucklingresponse includesboth stable segments (e.g., B–C and
D–E) and unstable segments (e.g., A–B, C–D, and E–F), as shown
in Fig. 2a. Segments A–B and C–D are associated with unstable
local buckling events that occur near the cutout. These buckling
events result in large out-of-planedeformationsand rapidly varying
stress gradients near the cutout. Stable postbucklingsegments B–C
and D–E are accompanied by an increase in the magnitude of the
local deformations in the shell near the cutout. The overall collapse
of the shell occurs at point E, and the unstable collapse response
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is represented by segment E–F. The collapse response is character-
ized by a signi� cant reduction in load and the development of the
general instability mode in the shell. The load time history of the
collapse response is shown in Fig. 2b. Furthermore, the results in-
dicate that the slope of each adjacent stable equilibrium segment of
the response curve decreases as loading continues in the postbuck-
ling range, indicating a reduction in the effective axial compression
stiffness of the shell. This decrease in effective axial stiffness is
due to the increasingly large deformations that develop in the shell
throughout the compression response, which result in signi� cant
stress redistributionaway from the cutout.

Deformation patterns corresponding to selected extreme points
on the load-shortening response curve are shown in Figs. 3a–3f.
Figure 3a shows the displacementsassociatedwith the initial buck-
ling point A, consistingof an elliptical-shapedinward buckle at the
cutout with the semimajor axis aligned in a helical or skew direc-
tion. The postbuckling deformation pattern associated with point
B consists of large elliptical-shaped buckles on either side of the
cutout. Deformation patterns in Figs. 3c and 3d indicate that, as the
postbucklingresponse progresses, the elliptical buckles in the shell
become increasingly well de� ned and the buckle pattern rotates

a) Nx b) N

Fig. 4 Buckling stress resultants for a compression-loaded shell with a 1.0 ££ 1.0 in. square cutout: a) axial stress resultant and b) circumferential
(hoop) stress resultant (magni� ed view).

a) Nx b) N

Fig. 5 General instability stress resultants for a compression-loaded shell with a 1.0 ££ 1.0 in. square cutout: a) axial stress resultant and b) circum-
ferential (hoop) stress resultant (magni� ed view).

counterclockwisearound the cutout. Figure 3e shows an intermedi-
ate deformationpattern associatedwith point E¤ during the collapse
response of the shell. The deformation pattern indicates that addi-
tional buckles propagate around the circumferenceof the shell dur-
ing the response until the general instability collapse mode forms,
as shown in Fig. 3f.

Contour plots of axial and circumferential stress resultants cor-
responding to buckling point A in Fig. 2a are shown in Figs. 4a
and 4b, respectively.The results indicate that rapidly varying stress
gradients form near the cutout and quickly decay to far-� eld values
away from the cutout. In addition, the results indicate that regions
of destabilizing in-plane biaxial compression form near the cutout.
These regions of destabilizingstresses couple with the out-of-plane
deformations near the cutout to cause the local buckling response.
In-plane stress resultantsassociatedwith the global collapsecon� g-
uration are shown in Figs. 5a and 5b. The stress contours indicate
that signi� cant stress redistributionoccurs in the shell as a result of
the large out-of-planedeformations that develop.

The results indicate that variations in the size of the cutout can
have a signi� cant effect on the compression responseof a shell with
a cutout. The load-shortening relations for shells with 0.5 £ 0.5,
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1.0 £ 1.0, and 1.5 £ 1.5 in. square cutouts are shown in Fig. 6. The
results indicate that the magnitude of the initial buckling load de-
creases as the cutout size increases. The values of the normalized
buckling loads are 0.83, 0.56, and 0.45 for the 0.5 £ 0.5, 1.0 £1.0,
and 1.5 £ 1.5 in. square cutouts, respectively. This decrease in the
magnitude of the buckling load as the cutout size increases is due
to the formation of larger prebuckling out-of-plane displacements
and in-plane destabilizing compressive stresses near the cutout at
lower applied loads, causing a local buckling response near the
cutout at lower applied load levels. For shells with 1.0 £ 1.0 and
1.5 £ 1.5 in. cutouts, the initial buckling response results in a stable
local postbuckling state, and additional load can be applied to the
shell before the overall collapse occurs. For the 0.5 £ 0.5 in. square
cutout, the initial local buckling event appears to be enough of a
lateral disturbance to the shell to cause the overall collapse of the
shell immediately following the local buckling event.

Internal Pressure and Axial Compression Loads
The effects of internal pressure on the compression response of a

shell with a 1.0 £ 1.0 in. square cutout are summarized in Figs. 7a
and 7b. The results indicate that the magnitude of the � rst local
buckling loads of the shells increasewith an increase in the internal
pressure. The values of the normalized local buckling loads for the
shell with the 1.0 £ 1.0 in. cutout and internal pressure levels of 0.0,
10.0, 30.0, and 50.0 psi are 0.56, 0.64, 0.70, and 0.79, respectively.
The internalpressure retards the formationof the regionsof destabi-
lizingbiaxialcompressionnear the cutout that were described in the
discussion of the axial-compression-only case and, hence, retards
the onset of the local buckling of the shell. In addition, the results
indicate that an increase in the internal pressurecauses a decrease in
the magnitude of the postbuckling load reduction. This trend con-
tinues until a value of internal pressure is reached for which the
� rst local buckling response no longer exhibits an unstable local
buckling response.For these results, shellswith an internal pressure

Fig. 6 Effect of cutout size on the response of a quasi-isotropic shell
subjected to axial compression.

a) Load-shortening response b) Magni� ed view of local and global buckling events

Fig. 7 Effects of internal pressure on the response of a quasi-isotropic shell with a 1.0 ££ 1.0 in. square cutout.

greater than or equal to 30 psi have a stable � rst local buckling re-
sponseaccompaniedby a gradualdevelopmentof largeout-of-plane
deformations and rapidly varying stress gradients near the cutout.
Furthermore, the results show that the general instability load for
the shells increasesand the magnitudeof the collapseload reduction
decreases as the level of internal pressure increases.

A typical example of the initial postbucklingdeformationpattern
for a shell with a 1.0 £ 1.0 in. cutout and subjected to 30 psi of
internal pressure and axial compression is shown in Fig. 8a. The
results indicate that the internal pressure signi� cantly in� uences
the character of the local shell deformations near the cutout when
comparedwith the results for axial compressiononly. The displace-
ments are characterized by large out-of-plane local bending of the

a) Initial postbuckling pattern

b) General instability deformation pattern
Fig. 8 Selected deformation patterns for a quasi-isotropic shell with a
1.0 ££ 1.0 in. square cutout and subjected to 30 psi of internal pressure
and axial compression.
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a) b)

Fig. 9 Design curves for the initial buckling load of a shell with a cutout and subjected to internal pressure and axial compression.

axially aligned edges of the cutout. The general instability collapse
mode for the same shell is shown in Fig. 8b, which indicates that
an increase in the internal pressure causes an increase in the num-
ber of axial and circumferential half-waves of the collapse mode
shape.

Design curves for the initial buckling load of shells with square
cutouts and subjected to internal pressure are presented in Figs 9a
and 9b. The relation between the axial and circumferential nondi-
mensional loading factors K x and Kµ , respectively, for three values
of the cutout or curvature parameter C and ®b D 1:064, ¯ D 1:936,
°b D 0:176, and ±b D 0:200 are shown in Fig. 9a. Additional infor-
mation about the initial buckling loads of these shells is obtained
from Fig. 9b. The results indicate that the initial buckling load of
a shell with a cutout increases as the internal pressure increases,
as discussed previously. Furthermore, the results indicate that the
increase in internal pressure in a shell with a cutout will result in a
larger increase in the initial bucklingload for largervaluesof the pa-
rameter C . The curves indicate that the nondimensionalparameters
can be useful in summarizingthe results in terms of nondimensional
design curves. The nondimensional parameters and design curves
can provide a convenient format in which a designer can determine
the effects of individualdesign parameterson the buckling response
of the shell.

Concluding Remarks
The resultsof a numericalstudyof the responseof quasi-isotropic

laminated shells with square cutouts subjected to axial compression
and combined internal pressure and axial compression loads are
presented. The results indicate that a nonlinear interaction between
destabilizingin-plane compressive stresses and out-of-planedefor-
mations near a cutout in a compression-loadedshell causes a local
buckling response to occur near the cutout. For suf� ciently large
cutouts, the local buckling response exhibits an unstable buckling
event followed by a stable postbuckling state consisting of large
out-of-plane deformations and rapidly varying in-plane stress gra-
dients. For suf� ciently small cutouts, the local buckling response
produces enough of a lateral disturbance to the shell to cause the
overall collapse of the shell. The results indicate that an increase in
the size of the cutout can cause a signi� cant reduction in the initial
buckling load of the shell and a reduction in the magnitude of the
postbucklingload reduction.The reductionin the bucklingload with
an increase in the cutout size is due to the formation of larger pre-
buckling deformations and in-plane destabilizing stresses near the
cutout at lower applied loads,which, in turn, causesa local buckling
response to occur near the cutout at lower-applied-load levels. The
results indicate that the response of a compression-loadedcylinder
is strongly in� uenced by an internal pressure load. An increase in

the internal pressure causes an increase in the initial buckling load
of the shell and the general instability load of the shell. Increasing
the internal pressure retards the formation of destabilizing in-plane
compressivestressesnear the cutout and, hence, retards the onset of
the local buckling response. Numerically generated design curves
and nondimensional parameters are presented, offering a conve-
nient format for summarizing the initial buckling loads of shells
with cutouts and subjected to internal pressure and axial compres-
sion. The design curves and the dimensionlessparametersshould be
usefulfor the futuredesignof aerospaceshell structureswith cutouts
by enabling a designer to compare the effects of variations in ma-
terial properties and structural geometric variables on the buckling
response of the shell.
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